Abstract. For all masses, there are at least n ?2 O 2 -orbits of non-collinear planar central con gurations. In particular, this estimate is valid even if the potential function is not a Morse function. If the potential function is a Morse function, then an improved lower bound, on the order of n! ln ? n+1 3 =2, can be given.
Introduction
The n-body problem, one of the classic problems in di erential equations, is the study of the motion of n point masses moving under their mutual gravitational attraction. The equation of motion are m i q i = @U @q i ;
where q i 2 R 3 is the position, and m i the mass, of the ith particle, and the potential function U is given by U(q 1 ; : : : ; q n ) = X i<j m i m j jq i ? q j j :
As is customary, we can without loss assume that the center of mass is xed at the origin: P m i q i = 0.
A central co guration is a position vector q = (q 1 ; : : : ; q n ) 2 R 3n such that, for all i, .) In other words, the acceleration vector points towards the origin, with magnitude proportional to the distance from the origin.
Central con gurations are of interest in the n-body problem for a variety of reasons. Corresponding then to every central con guration is a homothetic solution { a solution which retains its shape for all time, while expanding, contracting and rotating about the center of mass. As orbits approach or recede from total collision, they approximate homothetic orbits. Hence orbits which pass near total collision do so by rst approaching one homothetic orbit, then receding from collision via a (possibly di erent) homothetic orbit. Knowledge of central con gurations gives important insight into the dynamics near total collision. In the planar problem, solutions through central con gurations are particularly easy to construct. Solutions have the form q i (t) = (t)q i0 , where q i0 is the initial position of the ith particle, and (t) is a solution of the Kepler problem. In particular, central con gurations allow periodic orbits to be constructed. If (t) is a periodic solution to the planar Kepler problem, and q = (q 1 ; : : : ; q n ) is a planar central con guration, then (t)q is a periodic solution to the n-body problem. Further, the stability of the central con guration gives information about the stability of (t)q. As a Hamiltonian system, solutions to the n-body problem lie on level sets of the energy and angular momentum functions. As the energy and angular momentum change, the topology of the corresponding level set can change. These bifurcation points occur at the level sets which contain central con gurations.
For all of these reasons, it is of interest to know, for given masses m 1 ; : : : ; m n , what central con gurations exist. That is, given the masses, we would like to describe exactly which q = (q 1 ; : : : ; q n ) 2 R 3n are central con gurations. To formulate this question more precisely, it is important to note the various symmetries present in the problem. First, if q is a central con guration, then so are all scalar multiples q. Thus, we may without loss restrict our attention to central con gurations on the mass ellipsoid S = fq 2 R 3n j P i m i q 2 i = 1; P i m i q i = 0g. Of course, the potential function, and hence solutions, are unde ned at collisions, so the search for central co gurations must avoid the collision set = fq 2 R 3n j q i = q j for some i 6 = jg. That is, we are looking for central con gurations on S n~ . It is easily veri ed that such central con gurations are exactly the critical points of Uj Sn~ . Further, there is a natural O 3 symmmetry. If q is a central con guration, and O 3 acts component-wise on R 3n , then Aq is a central con guration as well. The component-wise action of O 3 on R 3n leaves S n~ invariant, so we can view the problem as a search for central con gurations on (S n~ )=O 3 .
Since the problem amounts to nding critical points of an explicitly given function on an explicitly given manifold, it might be expected that the problem can be completely solved. In practice, such a complete solution has only been possible for n = 3. In general, determining all central con gurations amounts to simultaneously solving 3n ? 4 algebraic equations of degree 1 2 (3n 2 ? 3n ? 4). Even for n = 4, this is at present a computational impossibility.
Consequently, research has focused on providing lower bounds for the number of central con gurations that exist for a given set of masses, along with some estimates of the location of those con gurations, and the dynamics around them. Here, \location" means to give some qualitative information about the con gurations. For example, we can ask how many central con gurations are collinear con gurations, in which all masses lie on a single line through the origin, or planar con gurations, in which all masses lie on a single plane through the origin.
The following estimates are known. To avoid tedious repetetion, all counts of central con gurations refer to the number of O 3 -orbits of central con gurations on the mass ellipsoid. 5. For all n, there exists at least one planar non-collinear con guration, and at least one non-planar con guration. 9] There are also a variety of results which give central con guration estimates for various special cases, such as when all the masses are equal, or when some of the masses are small relative to the others. There are also some important results about the orbital stability of these central con gurations, particularly in the case of a nondegenerate potential. However, it is to be noted that almost nothing is known when U is not assumed to be nondegenerate. This is a non-trivial gap, as for all n 4, the set of masses for which the potential function is not a Morse function has positive (n ? 1 The following theorem makes a rst step towards lling this gap, by giving an (admittedly weak) lower bound, which is valid for all masses, for the number of planar non-collinear central con gurations. This theorem is proved by computing the cohomology of the space of SO 3 -orbits of planar, non-collinear con gurations. The cup-length of that cohomology algebra is n ? 3, and the estimate follows by invoking the Ljusternik-Schnirelmann category. Note that this estimate, which is an estimate on O 3 -orbits, only requires knowledge of the cohomology of the SO 3 -orbit space. However, a spectral sequence argument can then be employed to compute the cohomology of the O 3 -orbit space. The Z 2 -cohomology of this space turns out to be quite rich, and allows us to make the following Morse-theoretic estimate: i . This result can be compared directly to Palmore's estimate of (n?2)(n?1)! 2 planar noncollinear con gurations. The ratio of \new estimate" to \old estimate" is nh(n) n?2 . For n = 3, this ratio is 1 (i.e. the two estimates agree that there is at least 1 non-collinear planar con guration. Of course, there is in fact exactly one { the Lagrange con guration). For n 3, this ratio is greater than unity, and is bounded below by ln( n 3 ). Similarly, the quantity n!h(n) 2 can be estimated from below by n! 2 ln ? n+1
3 , and from above by n! 2 ln ? 2n+1
5 . For small values of n, the theorem provides the following estimates: N 4 5 6 7 8 9 10 # Cent. Con g. 7 47 342 2754 24,552 241,128 2,592,720 It is reasonable to ask if either of these estimates is optimal: Is there a choice of masses m 1 ; : : : ; m n with exactly n?2 central con gurations? Is there a choice such that the potential function is non-degenerate and there are exactly n!h(n) 2 central con gurations? The answer to both questions is almost certainly \No," although neither is known. For n = 4, the least known number of central con gurations corresponding to a non-degenerate potential is 11 11] , while the estimate predicts at least 7. For n > 4 or for degenerate potential, so little is known that there is really no grounds for a comparison, but both estimates are probably very weak.
The rest of this paper is devoted to the proof of these theorems. The next three sections are occupied with the various preliminaries required for the proof: the structure of the mass ellipsoid, the relevant facts from Ljusternik-Schnirelmann category theory, and the topology and cohomology of con guration spaces. Sections 5 and 6 then combine these elements to prove theorems 1 and 2 respectively.
The Mass Ellipsoid
Since we are only interested in planar central con gurations, we can restrict to the set of planar con gurations in S. Further, the O 3 action carries every plane in R 3 to R 2 , so we can restrict our attention to P = f(x 1 ; : : : ; x n ) 2 R 2n j P n i=1 m i x 2 i = 1; P n i=1 m i x i = 0g = f(x 1 ; : : : ; x n ) 2 P j x i = x j for some i 6 = jg C = f(x 1 ; : : : ; x n ) 2 P j x i = i x 0 for some x 0 2 R 2 ; i 2 Rg
The subgroup of O 3 which leaves R 2 invariant is of course O 2 , so there is an O 2 action on P, de ned by A (x 1 ; : : : ; x n ) = (Ax 1 ; : : : ; Ax n ). Clearly, this action leaves and C invariant. Under this action, O 2 acts freely on P nC, and has isotropy Z 2 on C. In particular, SO 2 acts freely on all of P. We therefore de ne P = (P n )=SO 2 , C = (C n )=SO 2 and A = P nC. P is a 2n?4 manifold, on which Z 2 acts. C is a closed submanifold of dimension n ? 2 on which Z 2 acts trivially, and A is an open submanifold on which Z 2 acts freely. So, while P=Z 2 is not a manifold, M = A=Z 2 is an open (2n ? 4)-manifold.
Note that the potential function U : P n ! R is invariant under the O 2 action: U(Ax) = U(x) for all A 2 O 2 ; x 2 P n . Thus there is a well-de ned V : M ! R, with critical points of V corresponding to O 2 -orbits of planar non-collinear central con gurations. Thus both of the theorems above reduce to estimating the number of critical points of V , or equivalently, the number of rest points of the ow _ x = ?rV (x) in M.
Of course, U also induces a ow _ q = ?r (Uj P ) (q) on P, and a considerable amount is already known about that ow. First, it has a maximal compact invariant set S, which is a global attractor (note that the sign convention on the vector eld makes a \repeller"). Second, the ow on C, and on A around C, is completely understood. C consists of n! 2 open disks of dimension n ? 2. On each disk, there is a single critical point. All other orbits in C have that critical point as their !-limit set, and as their -limit set. Further, C is a repeller in P. Thus there is a maximal compact invariant set A in A, which is the attractor dual to C T S in S, and a global attractor for the ow on A. Since the projection p : A ! M is a semi-conjugacy between the gradient ows, all of these statements about the ow on A imply the corresponding statements for the ow on M. Because of this (equivalently, because V is bounded below on M), we can apply Ljusternik-Schnirelmann category theory and Morse theory to prove theorems 1 and 2 respectively.
3. Ljusternik-Schnirelmann Category Of course, the estimates provided by Morse theory are well known: for any eld F, the dimension of H (M; F), P 2n?4 q=0 dim (H q (M; F)), is a lower bound for the number of critical points of V on M, provided all of those critical points are nondegenerate. When V is not a Morse function, Ljusternik-Schnirelmann category theory can be used to provide lower bounds on the number of critical points. As these estimates are perhaps less well known, we brie y summarize in this section the elements of the theory that will be required, as presented in 4]. For every ring R, 1 + CL R (X) cat(X). The cuplength CL R (X) is the largest integer n such that there is a nontrivial product of length n in H (X; R). \A nontrivial product of length n" means that there are n elements z i 2 H q i (X; R), with each q i > 0, such that their cup product z 1 : : : z n 6 = 0 in H q 1 +:::+qn (X; R). These two results imply that the L.-S. category of M, and hence the number of critical points of V , can be estimated from below by the cuplength of either H (A; R) or H (M; R). In fact, we will see that the best possible estimates are obtained by taking R = Z 2 , and that CL 2 (M) = CL 2 (A) = n ? 3.
Altogether then, both theorems 1 and 2 reduce to calculating the cohomology ring structure of H (M; Z 2 ). The procedure for doing so will be to rst determine the cohomology of A from the exact sequence of the pair (P; A), then to use the bration Z 2 ! A ! M to pass from the cohomology of A to that of M. The rst step, then, is to understand H (P; A) and H (P ). The rst of these is readily obtained: if T is a tubular neighborhood of C in P, then by excision, H (P; A) = H (T; T n C). But C consists of n! 2 disjoint (n ? 2)-disks, so (T; T n C) is homotopic to n! 2 disjoint disk pairs (D n?2 ; S n?3 ). Thus H (P; A) is given quite To obtain H (P ; R), we now turn to the description of P in terms of con guration spaces.
Configuration Spaces
In 3], Fadell and Neuwirth describe the topology of con guration spaces { spaces of the form F p;q (X) = f(x 1 ; : : : ; x p ) 2 (X n Q) p j x i 6 = x j for i 6 = jg; where Q is a set of q points in X. Our rst step in computing H (P ) is to identify P (up to homotopy type) as a con guration space. Namely, Lemma 4.1. P has the same homotopy type as F n?2;2 (R 2 ).
Proof. To simplify the notation, we write F p;q for F p;q (R 2 ). We rst show that there is a SO 2 -equivariant homotopy equivalence between P n and F n;0 , and then that F n;0 =SO 2 ' F n?2;2 .
The action on F n;0 is the obvious one: A (x 1 ; : : : ; x n ) = (Ax 1 ; : : : ; Ax n ). This map is SO 2 -equivariant (where SO 2 acts trivially on R + , and in the ususal fashion on R 2 ). The map is also a bration, with the ?1 (1; 0) = Pn . Now there is an SO 2 -equivariant strong deformation retraction of R + R 2 onto (1; 0), so there is an SO 2 -equivariant strong deformation retraction of F n;0 onto Pn . That is, P = (P n ) =SO 2 has the same homotopy type as F n;0 =SO 2 .
To identify F n;0 =SO 2 , consider a di erent projection: 1 : F n;0 ! R 2 given by 1 (x 1 ; : : : ; x n ) = x 1 : This map is also SO 2 -equivariant, and is a bration with ber F n?1;1 . Once again, the SO 2 -equivariant strong deformation of R 2 onto 0 generates an SO 2 -equivariant strong deformation retraction of F n;0 onto ?1 1 (0) = F n?1;1 . It is important to note that the \1" in F n?1;1 now refers to the origin, so there is still a free SO 2 action on F n?1;1 de ned by A (x 2 ; : : : ; x n ) = (Ax 2 ; : : : ; Ax n ). Now once again take the projection 2 : F n?1;1 ! R 2 n 0. This map is also SO 2 -equivariant, and is a bration with ber F n?2;2 . As the actions on F n?1;1 and R 2 n0 are both free, the quotient by the SO 2 action produces a bration F n?1;1 =SO 2 ! (R 2 n 0) =SO 2 which still has F n?2;2 as ber. But (R 2 n 0) =SO 2 = R + is contractible, so F n?1;1 =SO 2 has a strong deformation retraction onto a single ber F n?2;2 .
As shown in 3], F n?2;2 is decomposed by a sequence of brations F n?3;3 F n?q?1;q+1 F 1;n?1 # # # F n?2;2 F n?q;q F 2;n?2 # # # F 1;2 F 1;q F 1;n?2 with F 1;q homotopic to a wedge of q circles. Moreover, each of these brations admits a cross-section. From this, the cohomology of F n?2;2 , and hence of P, can be computed 2]. It will su ce for our purposes to record the cohomology with Z 2 coe cients. H (P ; Z 2 ) is generated by (n 2 ? n ? 2)=2 generators x i;j 2 H 1 (P ; Z 2 ), for 3 i n; 1 j < i. These generators commute, and have relations x i;j x i;j 0 = x j 0 j (x ij 0 ? x ij ) for 3 j j 0 < i 0 for j 0 = 1; 2, j j 0 < i : We note for later reference a few facts about this cohomology ring:
The elements x i 1 j 1 : : : x ipjp , i 1 < i 2 < : : : i p , j k < i k form a vector space basis for H p (P ; Z 2 ).
The Poincar e polynomial of P can be written as P(t) = (1+2t)(1+3t) : : : (1+(n?1)t):
The total rank of H (P ; Z 2 ) is P n?2 q=0 dim(H q (P )) = P(1) = n! 2 H n?2 (P ; Z 2 ) = Z (n?1)! 2 . With the cohomology rings of H (P ; Z 2 ) and H (P; A; Z 2 ) recorded, we are now ready for the proofs. has a nontrivial product of length n ? 3. All of the cohomology arguments presented in this section will be valid for any coe cient ring, but to lay the groundwork for the proof of theorem 2, it will be useful to work over Z 2 . Unless otherwise indicated, all cohomology groups in the next two sections should be understood to have Z 2 coe cients.
Consider the cohomology exact sequence of the pair (P; A): Clearly, i is an isomorphism in all dimensions except p = n?3; n?2, and a monomorphism for p = n ? 3. In particular, the generators x i1 , for i = 3; : : : n, have nonzero product x 31 : : : x n;1 in H n?3 (P ). Since i is injective in all dimensions less than or equal to n ? 3, i (x 31 ) : : : i (x n;1 ) is nonzero in H n?3 (A), so there is a nontrivial product of length n ? 3 in H (A). The possibility remains that there could be a non-trivial product of length n ? 2.
If the map j is not surjective, then there will be such a product. However, in the proof of theorem 2, it will emerge that j is surjective, so H n?2 (A) = 0 and the cuplength of H (A) is exactly n ? 3.
6. Proof of Theorem II To prove theorem 2, we must compute the dimension of H (M) as a vector space over Z 2 . To do so, we apply the Borel construction to the free action of Z 2 on A. That is, Z 2 also acts freely on S 1 , so there is a Z 2 -equivariant bration A ! A S 1 ! S 1 . Quotienting by the Z 2 action produces the bration A ! (A S 1 )=Z 2 ! RP 1 . Of course, (A S 1 )=Z 2 is homotopic to M, and RP 1 is the classifying space BZ 2 of Z 2 , so we can abuse notation and speak of the bration A p ! M ! BZ 2 . Thus there is a spectral sequence with E 2 term H p (BZ 2 ; H q (A)) which converges to H p+q (M).
The proof of the theorem consists of computing this spectral sequence. As this is a rather technical algebraic undertaking, it seems best to rst outline the argument before plunging into the details. In general, computing a spectral sequence requires computing the E 2 terms, then computing the di erentials d r : E r ! E r for successive r's, until dimension considerations guarantee that all higher d r 's are trivial and the sequence stabilizes.
For this particular sequence, the following facts are known: The E 2 terms can be completely determined from the action of Z 2 on H (A).
A has nonzero cohomology up to (at most) dimension n ? 2, so E p;q 2 = 0 for q > n ? 2. Thus the largest r for which d r can be nonzero is r = n ? 1. That is, the sequence stabilizes at E p;q n .
M is an open (2n ? 4)-manifold, so its cohomology (and hence the E p;q n?1 ) must vanish for p + q su ciently large.
In particular, E p;n?3 n?1 must be zero for p large. What will emerge is that this requirement, together with the multiplicative properties of the the sequence, completely determines all of the boundary maps d p;q r , and hence allows E p;q n = E p;q 1 to be determined for all p and q. Thus the plan of attack is to 1. Compute the E 2 terms of the sequence from the action of Z 2 on H (A). 2. Find the conditions on the d r 's and E r 's necessary to guarantee E p;q n?1 = 0. 3. From those conditions, determine all of the boundary maps. 4 . Having computed all of the boundary maps, it will then be a simple matter to compute H (M). The rst step is to determine the action of Z 2 on H (A). In the brations that decompose F n?2;2 , it acts by complex conjugation on each of the circles that make up the factors F 1;q . Thus, it acts as (?id) q on H q (P ; Z), and so is trivial on H q (P ; Z 2 ). Similarly, Z 2 acts trivially on H n?2 (P; A; Z 2 ). Since i : H q (P ) ! H q (A) is surjective for q 6 = n ? 3, Z 2 acts trivially on H q (A) for q 6 = n ? 3. In that dimension, the action : H n?3 (A) ! H n?3 (A) factors as
That is, can be represented in matrix form as = id T 0 id : We will leave the submatrix T undetermined at the moment, and simply note that its rank is one of the quantities to be determined.
To compute E p;q 2 = H p (BZ 2 ; H q (A)), which can also be thought of as the group cohomology H p (Z 2 ; H q (A)), we take advantage of the periodicity of H (Z 2 ) 1]. In general, if Z which can be rewritten as n!h(n) 2 . This completes the proof. However, having come this far, it is worth noting a few byproducts of the proof. Namely, the map j : H n?2 (P; A) ! H n?2 (P ) is a surjection, and both A and M have Z 2 -cuplength of n ? 3. To see this, note that there is a commutative 
